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Introduction

@ This paper studies efficient mechanism design in dynamic allocation problems with
interdependent valuations.

@ Two features: interdependent valuation & dynamic.
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Model

@ We consider a dynamic interdependent valuation environment with N(N > 2) agents.

Time is discrete, indexed by t € {1,2,..., T}, where T < co.

@ In each period t, each agent i € {1,2,..., N} privately observes a payoff-relevant signal
0; € ©4, where ©} is a finite set.

@ The signal space in period t is ©; = H,N:1 @‘; with a generic element 6; = (6}, e 9{\’)
@ For each i and t, denote the private information held by agents other than i in period t by
0, = (03,001,010, 0)) €T, Ok

@ Given sequences of signals {Ot}z—:l, allocations {at};l, and monetary transfers

{p}, cee p{v};l, the total payoff of each agent i is
T . .
Z(st_l [UI (at,Ht) - p;] .
t=1

@ The agent's private signals evolve over time following a Markov decision process. In the
initial period, the signal profile 61 is drawn from a prior probability 1 € A (©1). In each
period t > 1, the distribution of current signal profile 6; is determined by the realized
signal profile 8;_1 and the allocation decision a;_; in the previous period, represented by
a transition probability p: : Ar—1 X ©¢—1 — A(Oy).
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Efficiency and Mechanisms

@ A socially efficient allocation rule is a sequence of functions {a} : ©; — At}z—:l that
solves the social program

max E Zét IZ I(ahet )

{ar [, t=1

where the expectation is taken with respect to the processes {6:} and {a:}. Since the
flow utility depends only on the current signal profile, which is assumed to be Markov, the
social program can be written in the recursive form: for each t € {1,2,..., T},

N

We (0:) = max Z u' (at,0¢) + OE [Wep1 (0es1) | at, 04
i=1

where W, (0;) is the social surplus starting from period t given the realized signal profile
0¢, and W7,; = 0. By the principle of optimality, aj solves the social program if and only
if it is a solution to this recursive problem.
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Efficiency and Mechanisms

@ We focus on truthful equilibria of direct public mechanisms that implement the socially
efficient allocations {af}tT:l.

@ In a direct public mechanism, in each period t, each agent i is asked to make a public
report r; € ©} of her current private signal 6;.

@ Then a public allocation decision a; and a transfer p,’_; for each agent i are made as
functions of the current report profile ry = (r{) II.V:I and the period-t public history h;.

@ The period-t public history contains all reports and allocations up to period t — 1, i.e.,
he = (r,a1,m, 80,00 e, 20-1) -

@ Let H; denote the set of possible period-t public histories. Formally, an efficient direct
revelation mechanism ' = {©y, a}, p:}]_, consists of

@ O: as the message space in each period t,
@ a sequence of allocation rules aj : ©; — A,
© a sequence of monetary transfers p; : Hy x ©; — RV,
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Efficiency and Mechanisms

@ The period-t private history h} of each agent i contains the period-t public history and
the sequence of her realized private signals until period t, i.e.,

i i i i i
hi = <r17317917r2732,92,---,rt—l,at—1,9t71,9t)

@ Let Hi denote the set of agent i's possible period-t private histories. With a slight abuse
of notation, a strategy for agent i is a sequence of mappings r’ = {rt’};rzl where
ry i H{ — ©4, that assign a report to each of her period-t private histories. A strategy for
agent / is truthful if it always reports agent / s private signal 0; truthfully in each period
t, regardless of her private history.

@ Given a mechanism I = {©y, a;“,pt}tT:l and a strategy profile r = {ri}:\lzl,

expected discounted payoff is

agent i 's

E zT: 6 [ (3 (1) ,00) = pf (B, )] -
t=1
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Efficiency and Mechanisms

@ We say that the mechanism is periodic ex-post incentive compatible or, equivalently, the
truthful strategy profile is a periodic ex-post equilibrium if for each agent and in each
period, truth-telling is always a best response regardless of the private history and the
current signals of other agents, given that other agents adopt truthful strategies.

@ Formally, let V/ (hi) be agent i 's continuation payoff given period-t private history, given
that other agents report truthfully. That is,

Vi (ht) = max & (o (a5 (H057) 00) = pi (heyrd,077) + 8Viy (K] -
e

@ The efficient mechanism is periodic ex-post incentive compatible if for each i, t, and hi,

9{ € arg rr;neagi o' (af <r{,9;f) ,Ot) —pi (ht, r{ﬁ;i) +J0E [Vriﬂ (hiﬂ) | ay <r{,0;f> ,Gt]

@ Finally, the Vickrey-Clarke-Groves (VCG) mechanism is an efficient mechanism
r={06,af, Pt}tTZI under which each agent i's continuation payoff is equal to the
continuation social surplus net of a term that is independent of her current and future
reports, i.e., for each i and t, there is a function W;'(-) such that

Vi (h{;ht,eg") = Wi (0:) — W, (0;" ...,9;")

for all hi, by, and 6;".
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Main Results

@ In this section, we construct periodic ex post incentive compatible efficient dynamic
mechanisms under general transition dynamics.

@ Theorem 3.1 shows that under a generic intertemporal correlation condition and some
restrictions on utility functions and signal spaces in the last period, such a dynamic
mechanism always exists.

@ In particular, we show that in each period t the correlation between 6. and 9;_"1 can be
used to construct history-dependent transfers such that agent i 's incentive is aligned with
the social incentive.

@ In Theorem 3.2, we show that a slightly stronger intertemporal correlation condition
ensures dynamic efficiency with a sequence of “VCG-type" transfers.

@ We make the following assumptions on the utility functions and the evolution of private
information.

Assumption (1 Bounded payoffs)
For each agent i,

max Z(St_l ui(at,Bt)‘ < 00

(at,0t)y>1 —1
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Main Results

Assumption (2 Convex independence)

Foreach1 <t< T,i € N,a: € A, and Ot_i S @t_i, no column of the matrix

My (a:07) = [t 0k 1000 )] 0y
t+1 t

is a convex combination of other columns, i.e., for each 0},

il ( | ar, 01, 9?") ¢ Conv {u?ll ( | a0, af_i) }é;eeg\{og}

where Conv {,u;"l ( | a, 5,’:, Gt_i) } _. . is the convex hull generated by the set of vectors
Gicoi\{oi}

{“t_-}—il ( | at, 5{79;") }giee"\{e"}' Moreover, the transition probabilities satisfy
t t t

inf disty (M_i ( at,Gi,G_i),Conv{M_i ( at,éi,G_i)}__ ) .)>0
200, 0] 1 (a0 0 w1 (109 07) g5 o oy

Heng Liu (UoM) Efficient dynamic mechanisms in environment April 4, 2025 10 /30



Main Results

Assumption (3 Spanning condition)

Foreach1 <t< T,i € N,a: € A, and Ot_i S @t_i, the column vectors of the matrix
M (a0077) = [ (05 1 a0k 07) | |ozi[xleil

oty

are linearly independent, i.e., there does not exist a collection of real numbers {ni (9;) }9,
t
which are not all equal to zero, such that

S2 0 (01) mety (0 1 a0}, 6.7) =0

oicoi

€0}’

for all 9;_"1 € @;_"1. Moreover, if T = oo, then there exist D € Ryand T € N such that for any

t> T, anyi,a: and 9t_i, the norm of the pseudo-inverse of the matrix Mt:_’ll (at7 Ot_i) satisfies

[ (s avoc))

<D.
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Main Results

@ In the finite-horizon case (T < o0), we also impose the following ex post incentive
compatibility assumption on the allocation rule a7

Assumption (4. Ex post incentive compatibility in period T)

If T < oo, then the efficient allocation in period T, a¥}, is ex post incentive compatible.

Theorem (3.1)

Under Assumptions 1, 2, and 4, there exists a sequence of transfers

Pi1 O, xOIxArx O 5 R Vit<T

such that the efficient dynamic mechanism {a}, p:} is periodic ex post incentive compatible.
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Main Results
Lemma (A.3)

If for each i and t, there exists a transfer function pé 1 (9;’1 s r{; at, 0; ') that satisfies the three conditions (i) for each
at, 9:' and 9;,

=Y d(an0h6r ) =6 3 Pl (057 0hae 677 ) (s | 2, 00, 077)

J#i 0t11€0¢11

(ii) for each a;, 07", 0 and i,

S P (055 0hac 677 ) 1 (0esn | 2, 0, 0.7)
0t 41€0¢11

< X e (65h a0 ) k(06 1 a6, 657)

Ot 41€09¢41

(iii) there exists ¢ € Ry such that for any t > T,

. . . 1 4 .
max‘pé_'_l (OH_'l,r;;at,Ot ')| < - <1+ —) - max Zu’(at,Ht) s
S € at,0t =i

then the dynamic efficient allocation {a;‘e } can be implemented in a periodic ex post equilibrium.
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Main Results

@ Proof. First note that under condition (iii) of this lemma, agent i 's discounted payoffs

are always well defined under the mechanism {a;‘, {p,@}lN_l} o1 To see this, for any
=1J >

sequence (at, 0t),~, we have

< st—1

o' (a1, 00) = ph (6775 21,671 )|

Il
-

51 |u (a1, 00) = pl (6771 2e-1, 0.1 )|

o+
Il

1

+

vk

st ‘Ui (ats1,0e41) — Piiy (0;1; at, 9;/)’
r

o
Il

) © ) 1 4 )
< L‘+Z(5t )u‘ (at+1,9t+1)’+g (1-{—;) - max Zu’(at,et)
=7 #i

at,0t
J

N oo
§Li+%(1+§) . ( max Z(Stfl‘uj(at,et)‘ ,
j=1

at,0t)i>1 1

u' (at,0¢) — pi (Gt_i; at_1,0t__i1)‘ < o0. That is,
there is a uniform upper bound on agent i 's realized discounted payoff under transfers
{p;}tZI'
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Main Results

@ Assume all agents other than i report their signals truthfully and focus on agent i 's
incentive problem.

@ Fix a socially efficient allocation rule af. By the one-shot deviation principle, we only need
to show that after any public history up to period t, agent i does not benefit from
deviating to r{ # 0; and r! = 0, for s > t.

@ If agent i reports truthfully in period t, i.e., r{ = 9@, her continuation payoff is

o' (a7 (00),00) = pi (0 ri_yi ae-1,00,)

+6 >0 [WOn) = piya (00106547 (80).0.7) | 1 (0sa | a7 (60),60)

0t11€0¢41
=t/ (3 (00),00) + >/ (a7 (0),00) — ph (077, rl_yiae-,00y)
J#i
+6 > W(Oe1) p(Besr | af (6r),0¢)
0t11€0¢41

= W(0) = p} (6,7 1iai-1,0; )
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Main Results

@ Suppose agent i deviates to a message r{ such that a} (rt",é't_") = aj (0¢). Then her
continuation payoff satisfies
ul (a? (rll:vat_i) 79f> - pi (01:_,‘7 rlffl; at—lveifl)

+6 > (WO~ phia (0ot (r0) 07 ) [ (e V2t (rhi007) 00

0t11€09¢41
= u' (37 (00),00) = p} (07, ri_yiae-1,0}_,)

+6 3 W) = el (0 it (00),077) | (0 | a7 (60),60)
0:11€09¢41

<0 (af (00),00) = pf (07 1y a1, 00 y)

463 [WOa) — e (050,05 3 (00),677)] 1 (6es | 37 (60),60)
0t11€0¢41

=W (0:) - Pi (et_i? rLl? at—lveifl)
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Main Results

@ Finally, if agent i deviates to a message r] such that af (r{,O;/> = a’ # a; (6:), then her

continuation payoff satisfies

u’ (3? (r;,@t_") 70t> - P1I.: (Gt_i»rtifl;at—lﬂeifl)

+5 Z [W(OH-]-) - p£+1 (9;."1#{?3? (rzvotii) 70;i):| 14 (9t+1 | a: (r{,e;i) 70f)

0:11€09¢41
D i i .
=u (3 791:) - Pt (et g ré—l,at—1:92_1)

+0 >0 [WOe) — bl (07703 07) | 11 (01511 4,00
0t11€09¢11

<u'(3,6:) — p} (9?i,r{_1;at—179ﬁ_1)

+5 3 [W (6r+1) — Piiy (9;"1,9;'; o, 9;")] 1 (Bei1 | ', 00)

0:11€0¢41
=u (d,0:) + Z o (3,0:) — pi <0f_i’ =t at_lﬁi_l)
i
+6 > W(Ora)p (041 | &, 00)
0r11€0 11

<SW(0) = pi (05 ri_yiac1,00 )
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Main Results
Lemma (A.4)

Under Assumptions 1 and 3, for each i and t < T, there exists a transfer function
Pir1 Oy X Ae X © ' = Rysuch that

_Z”j (af’o:;’et_i) =6 Z p{-+1 ('9t_+i1; atfet_i) :ut:ril <9t_+i1 ‘ ahef)

= —i i
i#i 011691

for every ar,0; " and 01 € 1.

@ Proof. Fix any a; and Gt_i. Equality is a system of linear equations. Since the transition

matrix 'ut_+i1 (9:1 | at,G,’;,Ot_") from 01 to 0;"1 has full rank under Assumption 3, the
system of equations has a solution given by

Pi+1 ( at,Gt_i) = % (M:l (at,et_i))+u_i <~;at,9t_i)

where pi+1 (-;at,Bt_i> = (pi_*_1 (0;:1; at,Gt_i)) _, and
6t+l

u—i (-;at,9t_i) = <7 >t (ar, 0] et_i))Qi are column vectors.
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Main Results

@ The next result shows that under a slightly stronger condition on the transition

probabilities, the dynamic efficient allocations are incentive compatible with a sequence of
"VCG-type” transfers for each agent in the sense that each agent’s report in each period

affects her payoff only through the determination of allocation.

Theorem (3.2)

Under Assumptions 1, 3, and 4, there exists a sequence of transfers

Pi1: 0, xAx O >R Vi t<T

such that the efficient dynamic mechanism {aj, p:} is periodic ex post incentive compatible.

Corollary (3.3)

In the finite-horizon case (T < oo), under Assumptions 1 and 2, there exists a sequence of
transfers

Pi1: O xArx O >R Vit<T

such that the (almost efficient) dynamic mechanism {(a;‘, Pt)ect s 57}, where, for all 6,
ar (1) = a for some 3 € A, is periodic ex post incentive compatible.
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Indirect implementation with auctions: An example

In the previous section, we focused on direct dynamic mechanisms to address feasibility
issues: the existence of efficient dynamic mechanisms that are periodic ex post incentive
compatible.

A natural question is whether there are indirect mechanisms, such as auctions, that
implement the direct mechanisms.

One difficulty of this is that the history-dependent transfers in our direct mechanisms are
complex in general.

Nevertheless, the VCG aspect of the direct mechanisms suggests a natural way for indirect
implementation: static auctions combined with contingent transfers.

Here we present a repeated allocation problem in which no static auction format is
efficient, but history-dependent transfers facilitate implementing our efficient direct

mechanisms with familiar auction formats. In every period t = 1,2,...,00, an indivisible
object is to be allocated to a bidder i € {1,2,..., N}.
The allocation a;: € {1,2,..., N} determines which bidder gets the object in period t. We

assume that bidder i's valuation of the object in period t is symmetric and given by

vi(O:) =0l +~> 0
JH#I

where v > 0 is a measure of interdependence in valuations.
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Indirect implementation with auctions: An example

@ We also assume that the allocation does not affect the evolution of agents’ private
information. This implies that it is efficient to allocate each object to the agent (with an
arbitrary tie-breaking rule) whose valuation of the object is the highest. Finally, we

assume that for each i/, t, and 6;, there exists a map n_i : @;"1 — R such that

1 , N g
S0 =30 (00) ey (01 1 6)
! Ori1
@ Condition (2), which is stronger than Assumption 3, states that the average of all bidders’

private signals today is an unbiased estimation of an index that aggregates all but one
bidder’s signal tomorrow.

Heng Liu (UoM) Efficient dynamic mechanisms in environment April 4, 2025 21/30



Indirect implementation with auctions: An example

@ First note that when v € (0, 1], the standard single-crossing condition on valuations is
satisfied; this ensures that the symmetric equilibrium of a repeated sealed-bid second price
auction is efficient. Alternatively, when v > 1, it is well known that no standard auction
format is efficient.

@ Applying the insight from the direct mechanisms with history-dependent transfers, we
consider the following dynamic winner-pay auction format: Step 1. Bidder i submits a
sealed bid b£ € R in period t. Step 2. The object is then allocated to the bidder who
submitted the lowest bid (with an arbitrary tie-breaking rule),

at<b%,..4,bé\’) :min{ie{l,...,N}:b{gbﬁ,\ﬁ;ﬁi}

@ Step 3. The winner in period t pays the second lowest bid in this period; other bidders
does not pay. Step 4. The winner also pays a contingent transfer in period t + 1 that
depends on all other bidders’ bids in both period t and t + 1. Formally, if bidder i wins in
period t, he pays b, = min {bf tk # i} in period t and rlf+1 in period t + 1, which is
given by

r{+1 (bt:_ip bt_i) = %

777; bt_-i—ll _ blt
1+7(N=1))  T+~(N-1)
@ It is straightforward to verify that a symmetric and monotone equilibrium in the
constructed auction is, for all i and t, b} (6}) = (1 +~(N — 1))8i. Moreover, this

symmetric strategy profile remains an equilibrium of the dynamic auction irrespective of
the bids or winners that the auctioneer may choose to disclose to some_bidders.
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Infinite signal spaces

@ In this section, we study the case where agents’ signal spaces are infinite and focus on the
infinite-horizon setting (T = oc0).

@ We first identify conditions on the transition probabilities under which there exist
mechanisms that are approximately periodic ex-post incentive compatible, thereby
establishing infinite-signal versions of Theorems 3.1 and 3.2 under a weaker solution
concept.

@ We then show that under stronger conditions there are mechanisms that are periodic ex
post incentive compatible.

@ Suppose for each i and t, ©! is the unit interval [0, 1] endowed with the Borel sigma
algebra, A = A, where A is a finite set, and u' (at, ) is continuous in ; for each a;: € A.

@ In addition, we assume that the transition probability u (0++1 | at, 6¢) is stationary
(independent of t ) and has a continuous density representation f (6¢+1 | at,6:). The

marginal density on @;"1 is denoted by £~/ <0:+’-1 | at,Gt).
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Approximate periodic ex-post incentive compatibility

@ First consider a weakening of periodic ex post equilibrium, which requires that after any
history, truth-telling is "almost” a best response if all other agents report truthfully.
Formally, for any € > 0, we say that the mechanism {af, p:},~, is e-periodic ex-post

incentive compatible if for each t, 1, hi, and 9,’_:,

ol (a7 (00,0:7) ,00) = pi (b, 03, 0.7) + 08 [Vi (i) 1 af (0,0:7) .01

> (af (2077 ,0) = pi (heord 077) 468 [V (hioy) Vi (,007) 0] <

for any rti S G)i, where V' (h{url) is the continuation payoff of agent i if all agent report

truthfully from period t + 1 onward.

@ The condition implies that after any history, any truthfully from period t + 1 onward. The
condition implies that after any history, any one-shot deviation from truth-telling would
yield an agent at most € improvement in his continuation payoff.

@ Note that because of discounting, if a mechanism is e-periodic ex-post incentive
compatible, then truth-telling consists of a (contemporaneous) €(1— &)~ 1-perfect ex-post
equilibrium.
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Approximate periodic ex-post incentive compatibility

@ In the following two lemmas, we identify conditions on the transition densities

=i ( ;_"1 | a, 9:) such that for every € > 0, there exist transfer schedules p; that are ¢

periodic ex post incentive compatible.

Lemma (5.1)

Fix any i, t, at, and O:i. Iffor every 9,’; and every ui €A (@i),

F( e 0f,077) = /e[ F (e b 07 ) W (d0)) = W ({6l}) =1

t

then for any € > 0, there exist transfers that are p£+1 (9;_'1, 9:;; at, ‘9(_’) measurable in 9{ and continuous in 9;_'1 and 9:'

such that

max_
0,€0}

=S (ar, 0) — 5/—; i1 (9;'179;;%,9;') £ (9;11 | at,et) do | <e
J#i Ori1
and
i —i i —iN =i (i —i
/e_,. Pher (07 0fiae, 077) £ (053 1 ar, 00 ) do )
t+1

i —i =0\ 5=0 ({a="h —i
< /(—3" Pty1 (6t+1’ reiat, Op ) f (9r+1 | at"gt) 404
t+1

for any rt" € @i.
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Periodic ex post incentive compatibility

@ The lemmas in Section 5.1 generalize the main results in Section 3. However, they are not
very satisfactory, especially in the dynamic environments.

@ That is, agents may well deviate from truth-telling under e-periodic ex post incentive
compatibility, yet they evaluate their continuation payoffs assuming others are always
truthful.

@ In this section, we strengthen the results to (full) periodic ex post incentive compatibility
under stronger correlation conditions.

@ Note that the contingent transfers that deliver e-periodic ex post incentive compatibility
in Section 5.1 depend on the reports one period ahead, whereas in principle they could
depend on reports in the more distant future. Therefore, we consider the contingent
transfers ) ) ) )

p;:@’txet_’xAtxH(@;’xAT) — R.
T>t

@ Intuitively, if agent i 's current private signal 0,’; is correlated with other agents’ future

signals {9;'} , then provided that other agents always report truthfully, it is possible to
T>t
use the entire sequence, {9.,7'} , to provide incentive for agent i to report 9,’; truthfully.
T>t

@ We might fill the gap in e-incentive compatibility with an infinite sequence of correlated
signals. We formalize this intuition in the next two propositions.
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Periodic ex post incentive compatibility

@ For each i,t, and 7 > t, let f;i (9;i | at,..., aT_l,Gt) denote the marginal density on

@,Ti given any a¢,...,a, and 6.
Proposition (5.3)

Fix any i, t, anth_'. If for every 7 > t,(at,...,ar) € Ag X - -+ X Ar, 9; € @i, andy.f,, (SN (@;),

0 (lae e yaro1,60,677) = /gi F (et aro1, 0,00 7) ' (d8))

N

then there exists a sequence of transfers (pfr (G:i, Gi; at,...,ar—1, 9:')) measurable in 9,’; and continuous in 6
T>t

and Ht_i such that

. o0 . . . . . . .
~S o= 3 [ (07 O a0 ) £ (077 a3, 00) db

J#i T=t+1 T
and
/e;f o (0770530 ar 1, 07 ) £ (077 L ae, . ar—r, 00) dOS
< [ iph (07 e e, 07) £ (07 Ve, ap o, 00) do
=

for any rt’- € @'; and T > t.
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Periodic ex post incentive compatibility

@ For eachi,t, and 7 > t, let £ (9;i | at, ..., a.,,l,Gt> denote the marginal density on

o7 given any at,...,ar and 6;.
Proposition (5.4)

Fix any i,t, and Ht_i. If for every T > t,(at,...,ar) € At X -+ X Ar, there does not exist a
nonzero signed measure 1. on the Borel subsets of ©} such that

/@ 77 (Ve ar 1, 01,0;7) ni (a) =0

i
t

then there exists a sequence of transfers (pfr (O;i, 9{; Aty ... ,ar—1, Gt_i)) measurable in 0,’;
T>t
and continuous in 07" and 0" such that
— Z U] (at, Ht)
J#i
22 .
> afff/_l_p; (9;',9;;at,...,a,_1,9;') £ (9;' | at,...,a.r_l,et) do
T=t+1 Or
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Conclusion

@ Dynamic mechanism design features a richer family of history-dependent transfers
compared with the static counterpart.

@ This paper has taken a first step toward understanding the implications of such richness
on efficient implementations in general environments with interdependent valuations.

@ In particular, we have shown how intertemporal correlation of private information leads to
contingent transfers that resemble dynamic VCG mechanisms.

@ We also emphasize that while the theoretical possibility results in this paper serve as a
benchmark for the design of efficient mechanisms, the practicality of contingent transfers
may vary with specific economic problems.
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Thanks!
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